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Abstract--The paper is devoted to an analytical study of flow through blood vessels ubjected to a periodic 
acceleration field. The analysis consists of two parts. In the first case, the wall is treated as a non-linear 
orthotropic elastic ylindrical membrane and the blood as a Newtonian viscous fluid, while in the second 
case the experimentally observed material damping properties of the wall tissues and the viscoelasticity 
of blood have been incorporated in the analysis. In each of these two cases, analytical expressions for 
the displacement and shear stresses developed in the wall as well as the velocity distribution, fluid 
acceleration and volume flow rate of blood are derived. The influence of material damping of the wall 
tissues as well as the viscoelastic properties of blood on the flow and deformation characteristics of a blood 
vessel has been estimated by using the values of the different material constants (involved in the analysis) 
determined experimentally for the human abdominal aorta. Numerical results presented in the paper 
correspond to observed parameters of the circulatory system of living animals. 
INTRODUCTION 
Development of a theory or a mathematical model to predict accurately the mechanical behaviour 
of arteries under physiological conditions is important due to several reasons. In hemodynamics, 
we are specifically interested in the mechanical behaviour of blood vessels. Informations about the 
various aspects of the dynamical behaviour of large blood vessels/n vivo is an important opic in 
cardiovascular mechanics. Attempts towards the development of mathematical models of the 
cardiovascular system have been made in the past by different researchers in the effort to 
understand the dynamics of the system in response to the pulsatile jection to blood from the heart. 
It is known that the geometric and physical properties of the blood vessels influence the pressure 
and velocity waveforms as they develop at different points in the circulatory system [1]. A careful 
study of these waveform patterns bears the potential to provide a better understanding of the 
cardiovascular system, especially under pathological conditions, in which changes in the mechan- 
ical properties of the vessel modify the pressure and velocity waveforms. It is worthwhile to point 
out here that most of the non-linear arterial blood flow models studied in the past, are restricted 
to the assumption that the arterial walls are purely elastic. However, it is well known that the 
behaviour of the blood vessels is more complex and depends on the dynamic nature of the stresses 
imposed on them, the resulting vessel response being termed viscoelastic. In addition, due to the 
viscous nature of blood, shearing stress is also generated on the endosteal surface of the arterial 
wall, which contains a single layer of endothelial cells. In view of the above, flow profile and viscous 
properties of blood are equally important for a more accurate understanding of blood circulation. 
In most of the previous tudies of oscillatory blood flow dynamics, it has been assumed that small 
oscillations are superposed upon a large steady flow, which has been shown to be not true for 
arterial blood flow. Moreover, since they are principally concerned with wave propagation, serious 
attention has not been paid to the flow of the fluid particles. Womersley [2] by using perturbation 
methods, considered the realistic arterial situation of oscillations that are large compared to the 
mean component. His study, of course, includes fluid flow as well as wave propagation. 
Subsequently a number of theoretical investigations related to the dynamics of arterial blood 
flow were carried out by many researchers. In a recent paper by Rachev [3], propagation of small 
amplitude harmonic waves through a viscous incompressible fluid contained in an initially stressed 
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elastic cylindrical tube was taken as a model of the pulse wave propagation i  arteries. Misra and 
Roy Choudhury [4] developed a mathematical model for arterial blood flow by treating the arterial 
wall as a cylindrical membrane made of material that exhibits non-linear viscoelastic properties and 
possesses three orthogonal planes of symmetry (in conformity to prior experimental investigations 
of various segments of wall tissues) but treating blood as incompressible viscous and Newtonian. 
The specific objective of that investigation was to examine for the wave propagation problem in 
arteries, the influence of initial stresses on the variation of phase velocity and transmission 
coefficients with frequency for different values of the stretch ratios of the arterial wall tissues. 
It has been observed that the flow field of blood in the circulatory system of human and 
subhuman primates is significantly influenced by various factors. Although the human body is 
adopted to changes in velocity profiles and velocity distributions of blood to a certain extent, when 
the changes in the velocity is of a very large magnitude and extends over a long period of time, 
there is evidence that such velocity changes may bring about serious physiological effects, which 
may sometimes lead to fatality. According to Hiatt et al. [5] and Burton et al. [6], prolonged 
acceleration may cause various physical disorders like headache, loss of vision, increase in pulse 
rate, abdominal pain, venous pooling of blood in the extremities and hemorrhage in the face, neck, 
eyesockets, lungs and brain. Many protective devices uitable for different parts of the body have 
been designed in order to avoid physical injuries. Arntzenius et al. [7] suggested that the external 
disturbances imparted to the body, if properly timed with respect o heart beat have an effect on 
systemic irculation. They carried out some experiments with pigs and observed that in the case 
of a cardiogenic shock, blood pressure and cardiac output increased when acceleration was 
imparted to the body in synchrony with the heart beat. This method was suggested to be an 
important factor for assisting circulation, particularly in cases when the patients are required to 
undergo a treatment for cardiogenic shock. It was further indicated that external disturbances due 
to acceleration input with sufficient amplitudes can sometimes lead to serious cardiovascular 
problems. 
In view of the above, a mathematical model is developed in the present paper to compare the 
flow of blood through large blood vessels under the action of a periodic acceleration field. The 
equations that represent the flow are solved in conjunction with the equation of motion of different 
types of the vessel wall. Expressions are found for the displacement of the vessel wall, velocity 
distribution, fluid acceleration, shearing stress on the wall and volume flow rate. Numerical 
computations are also made to estimate the velocity profile, fluid acceleration, radial displacement 
of the vessel wall, shearing stress on the wall and volume flow rate corresponding to different 
frequency parameter, applied acceleration and time. An attempt is also made to assess theoretically 
the influence of blood viscoelasticity and the material damping of osseous tissues on different flow 
characteristics of blood. 
STATEMENT OF THE PROBLEM AND THE METHOD OF SOLUTION 
Let us consider a long unbranched cylindrical artery. Considering the z axis along the axis of 
the artery, we shall employ cylindrical coordinates (r, 0, z) for the ongoing analysis of the problem. 
The analysis consists of two parts. In Case 1, blood is treated as a Newtonian fluid and the wall 
tissues as elastic, by ignoring the material damping behaviour. In Case 2, the viscoelastic properties 
of blood and the material damping of the vessel tissues have been paid due attention. 
Case 1 
Considering the flow of blood to the laminar and axially symmetric, the flow equations and the 
equations of continuity are taken as 
[g2u 1 du u 632u'~ 
au du c3u l c3p  + v/: - ; -~ F~|  (1.1) 
c3t + U~r + v ~z = pc~r \d r "  r dr r 2 Oz ' /  
~t + u ~r + v ~--~ = p ~z k ar 2 + - - - - -  r ~r + ~z ~) 0 .2 )  
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and 
du u dv 
d-r + - r+~z = 0, (1.3) 
where t stands for time, u and v are radial and axial velocity components, p is the pressure, p is 
the density and v is the kinematic viscosity of blood. 
The equation of the motion of the vessel wall treated as a cylindrical membrane made of 
incompressible non-linear elastic material having cylindrical orthotropy may be put as [3]: 
d2r/ + l_~ . d~ hoPo d2r/ (1.4) 
hoCll ~z  2 ,~.2ER 0 (hoCl2 + n* - n22 ) ~zz + ql = AI 2-"" ~ dt 2 
d2~ 1 hoC2t 0r/ hoPo d2~ (1.5) 
n~ dz 2 A~E2R2o(hoC22 - n2"2)~ + A2E---~ d---z + q2 = 2122E dt 2' 
where Po represents the density of the vascular tissues and q~, q2 are the forces acting on the 
endothelial layer of the vessel in the axial and radial directions, respectively. ~ and r/ are the 
displacement components at any point of the wall in the radial and axial directions. 2, and 22 are 
the stretch ratios in axial and circumferential directions, Ro and h 0 are the radius of the middle 
surface and thickness, E is the parameter characterizing the deformation from a state B to another 
state B* and Cn, Cn, (722, C21, n~'~ and n~'2 are shown as in Appendix 1. 
Considering that the vessel wall is subjected to a periodic acceleration along the axial direction, 
if W, represents the velocity of the vessel in longitudinal direction, H the amplitude of the applied 
acceleration in m/s 2, co the circular frequency in rad/s and C the wave propagation velocity, we 
take the external acceleration acting upon the vessel to be given by 
dW, 
- H e i~(t-~/°. (1.6) 
dt 
The continuity of the velocity at the interface between blood and the wall, r = R* asserts 
d~ 
u=~ at r - -R* .  (1.7) 
Also 
dWt dv d2r/= H e k~'-'/°. (1.8) 
dt = dt = 
Moreover, the regularity conditions may be put as 
0v 
u=O, ~r=0 at r=0.  (1.9) 
Let us consider R* to be an unknown function of time, as given by 
R* = a + ~(a, t), (1.10) 
a being the endothelial radius of the vessel. The location of the endothelial surface of the vessel 
may be fixed, however, in terms of a dimensionless variable y = r/R*. Thus, in the sequel the 
endothelium of the blood vessel will be described as y = 1. The equations (1.1)-(1.3) may now be 
rewritten as 
l du u du 1 ~--du du 1 c~p+ + y2 FR* ~z2|/ (1.11) 
dt+-R-~vy(u-yR*)+v~-z= aR*dy R*2~,dy: ydy 
and 
____  v_~_ ( aZv l Ov d2v~ dv 1 dv dv 1 dp + 
dt +-R-~-y (u - yl~*) + V-~zz = p dz R*2\dyZ +y-~yy +-~zZz2) (1.12) 
du u 8v 
+ y - + R*Tz = o, (1.13) 
C.A.M.W.A. 16/12--B 
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where 
aR* /~* -  
0t " 
Since the vessel wall exhibits periodic acceleration, we assume the variation of velocity 
components and pressure as well as radial and axial displacement components of the vessel wall 
in the following manner: 
u = ul (y) e it°(t - z/C) 
v = Vl (y) e i'~('- ~/C) 
P = Pl (Y) e~°~('-~/° 
= ~0 ei°~(t-z/C) 
tl = r] 0 eio(t - z/C), (1.14) 
where G0 and r/0 are the constants and ul (y), vt (y) and Pt (Y) are arbitrary functions of y alone. 
From continuity equation it follows that (u/v)~(~oR*/C). Hence the acceleration terms in 
equations (1.11) and (1.12) are of the following orders of magnitude: 
0) av 1 av (u -yl~*)'.~mvl -( at ~ o~v,, R ---~ ay 
av (v,'~ au (~oR*, 
U~ ~ (A)Vl t ) ~ ' ~ "~ ('DVl tT )  
1 au (u -y l~*)~ fv,'~l'ogR*~ 
and 
a. 
~ re) t -e - -  7. 
The convective acceleration terms are of the order of v~/C compared with the acceleration terms. 
Since C is large in comparison to the axial velocity v, the magnitudes of the non-linear terms are 
negligible when compared to the linear terms. Also, the second derivatives with respect o z in the 
viscous hear terms are of the order of co2R*:/C: compared with the y-derivatives, and hence may 
be neglected. 
Now equations (1.7)-(1.9) and (1.11)-(1.13) reduce to 
aU 1 1 apl V fa2Ul 1 aUl Ul'~ 
at -- pR* ay +-R-~t~y 2-~ y Oy -~) (1.15) 
av, lap, v (a2Vl + 1 av,'~ 
a--t- = - -p a--z- +R--~5\ay2 y-b--f] (1.16) 
aUl + Ul * aVl 
a--y y + R ~ = 0 (1.17) 
a¢ 
u=~-  at y=l  (1.18) 
dWt =- -=- -=dr  d2~l He  ~'°('-~/c) at y = 1 (1.19) 
dt dt dt 2 
Ov 
u=0,  x--=0 at y=0.  (1.20) 
oy 
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The solutions to equations (1.15) and (1.16) are given by 
u, = J, (Otoi3/2y) + i[3g)J, ([3oY) -p-~o ( ~ O + 
B 
v, = AJo(~oi3/2y) + ~ Jo([3oY) 
Pt = BJo(floY ), 
where A and B are arbitrary constants of integration and 
2 mR*2 imR* 
0~0 ~ , [30 '=  - -  v C 
Moreover. the forces 
and 
ql = -# + 
y=l  
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(1.21) 
(1.22) 
(1.23) 
Aim Jo(oto i3/2) + B ~-cc Jo([3o ) = H. 
Solving these equations, we determine A, B, Go and qo as 
A=D~/D,B=D2/D,~o=D3/D and qo--D4/D 
(1.28) 
(1.29) 
(1.30) 
and 
A[30 2 B ~oi3/2 J~ (~o i3/) + ~ (~o 2 + i[32o)J1 ([3o) - iO~o = 0 
appearing in equation (1.4) and (1.5) are now given by 
. IAJ'--i3/2'f~°~--C~!~+B-~-{ i°9 (~ + i,~) +,o}J.([3o) 1 (1.24) 
and 
q2 = - A#[3o[Jo(oto i3/2) - J2(°toi3/2)] 
t jo([3o ) + ~,[3o(~ + i[3~) +B[{1 #[3°(~+~-~o2 i[3°2)_ ~ J2([30) 1. (1.25) 
Using equations (1.24) and (1.25) and applying the conditions depicted in equations (1.18) and 
(1.19), we obtain the following set of four equations that involve the four arbitrary elements A, 
B, Go and q0: 
B[-#flo(~t2 + ifl~) j . _ .  + ~ #flo(Ot 2~C_~ + ifl2)'} Jo(flo)] -A[30 #[Jo(~oi 3/2) - J2(~toi3/2)] + k ~ 2(Po) (1 
VhoPotO 2 off (hoC~ - -  n~2)~ iC21°3h° • (1.26) +Co l -j-.o 
B # A[P- J l (~oi3/2){~ + O~oi3/2}] + [-~-~Jl([3o){flo + --C--~(o~oi°~ 2+i[302)}] 
i09 [-092hopo h 0 ] 
+¢O c~2E~ (hoC12-n~l-n~)+qoL ~- ~ -~C,,w 2] =0; (1.27) 
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where D, Dr, D2, D3 and D 4 are the determinants of four non-singular square matrices. Their 
explicit forms are included in Appendix 2. 
The radial and axial components of velocity now read 
1 VD~ flo 3/2 D2 2 7 
u= ~ L~0 ' - ' - |~  S,(o¢oi y)+ p--~2o(~O +ifl2o)Jl(floY)j e `~(,-'/c) (1.31) 
and 
v = ~ D, Jo(otoi3/2y) + Jo(floY) e i`°('-'/c). (1.32) 
The above written velocity components may be expressed in amplitude and phase form as follows: 
u = Uamv exp(i~l ) 
and 
where 
V = /')amp exp(i~k2), 
2 2 =~+v~,  i ~---~ '~  1 , Uarnp = ~ ,  Vam p 
~', = tan -l (Ul/UR) and ~b 2= tan -j (Vl/VR), (UR, Ul) and (vR, vl) being the real and imaginary parts of 
u and v, respectively. 
Differentiating equation (1.32) with respect o time "t" ,  the fluid acceleration along the axial 
direction is obtained in the form 
i(° [DlJo((Xoi3/2y) +~cJo(floy)lei'(t- ~/c) (1.33) 
Similarly, using equation (1.32), the shear stress a on the wall can be expressed as 
.34 ,  = --~-~Y I = -'~ DI°t°i3/2Jl(O~°i3/2) + Jl(flo) e'(°(t-z/C), 
while the radial displacement of the vessel wall reads 
D3 exp{ico(t - z/C)}. (1.35) 
Further, the volume flow rate is given by 
f0 t 2nrD,  .3/2D2 1 Q= 2nyv dy =--~ L~ Jo(%t )"l-p---~0Jl(fl0 ) e iagt-z/C). (1.36) 
In a previous manner, one can express the fluid acceleration, the wall shear stress and radial 
displacement in amplitude phase form as 
f =famp exp(i~,3), a = tramp exp(i~4), 
= lamp exp(i~ks) and Q = Q~mp exp(i~k6), 
in which 
famp = N/~R "3L f ~, O'.mp = ~/~R "~- O" 12 , 
¢..0 =, : i+  Q.°, + 
~, = tan-'(fx/fR), ~4 = tan-1(al/CrR), 
~b5 = tan-'(~i/~a) and ¢6 = tan-l(QJ/QR), 
where the suffixes R and I stand for the real and imaginary parts of the quantities concerned. 
Case 2 
Considering the motion to be linear and taking into account he experimental observation that 
when the shear rate is not too high, whole blood exhibits non-Newtonian behaviour, the analysis 
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that follows is based upon the use of the following equation: 
°u = -Pgo" + o ~, 
where 
(2.1) 
;~ COx" COx" e~(x ' ,  t') dt', 
o~(x, t) = 2 #(t - t') COxj cox' (2.2) 
o0 
in which p denotes the pressure, gu the metric tensor of a suitable co-ordinate system x (the 
cylindrical polar system in our case) and x' is the position at time t' of the element that is 
instantaneously at the point x at time t, o~. the deviatoric stress tensor, ~ the relaxation function 
and e(l~ ) the rate of strain tensor defined by 
,,(i) = ~(V,.., + V,.m). (2.3) 
Equation (2.2) is particularly suitable for this part of the present study because our main objective 
here is to investigate the influence of the viscoelastic relaxation phenomena of blood on the wave 
propagation i  a blood vessel of circulatory system. 
Denoting by u and v the velocity components of blood in the radial and axial direction of the 
blood vessel and using the cylindrical polar co-ordinates (r, 0, z) the axisymmetric unsteady flow 
of blood may be described through the following equations of motion: 
Du COo,, COOrz % -- 0~ 
P -~- = COr + ~ + r (2.4) 
Do @ar~ dazz % 
P "~ = COr + ~ + --'r (2.5) 
while the continuity equation is the same as equation (1.3). In above-written equations, D/Dt  
stands for the material derivative, p represents the density of the blood and or,, o~, o~= and % 
denote the non-vanishing physical components of the stress tensor o 0. 
As in Case l, the variation of the velocity components, pressure and displacement components 
is assumed to be of the form given by equation (l.14). The analysis that follows will be restricted 
to the propagation of long waves, so that 
-~--~ I<< 1, (2.6) 
where the symbols bear the same meanings as stated earlier. As explained since (u/v) .., (coR*/C), 
it now follows that 
For long waves, the wave propagation velocity C being very large compared to the axial velocity 
v, we have 
Consequently, 
and 
Let us write the co-ordinates in the form 
x' = r = x" + f, l u(r,z, t")dt" 
(2.10) 
(2.11) 
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x 2= 0 = x '2 (2.12) 
Thus, 
= i t t")dt" x 3 z =x '3+ v(r ,z ,  (2.13) 
3x 'l 1 O 
Ox I = 1 -- ~ -~r [u(r, z, t) - u(r, z, t')] ~ 1 (2.14) 
Oxtl 
Ox 3 - [u(r, z, t) - u(r, z, t')] (2.15) 
Ox '3 1 O 
Ox ----f = io9 Or [v(r, z, t) - v(r, z, t')] (2.16) 
0x ,3 1 
ff~x3 - 1 + -~ [v(r, z, t) - v(r, z, t')] ~ 1. (2.17) 
The function ~O in equation (2.2) may be expressed by the distribution function of the relaxation 
times F(r)  as 
fo I ( t - - t ' ) l  ~k(t -- t') = ~ F(Q exp dr. (2.18) 
r r 
For the problem under consideration, since the flow is of an axisymmetric character, we can write 
eO) _ Ou Ov u 
" -~rr' a(')=-- e~=-  - zz  OZ' r 
and 
e( , )= l (Ou Ova, 
r2 2 \Oz + Or] (2.19) 
where e(~ are the physical components of the strain-rate tensor. Taking note of the approximation 
(2.7)-(2.10) and substituting the equations (2.14)-(2.19) into equation (2.1), we can write 
ou_2f,,(ovy trrr = 2f*  Or \Or ]  -P  (2.20) 
U 
a00 = 2 f* -  -p  (2.21) 
r 
0V 
a= = 2f * ~ - p (2.22) 
, Ov 
G~=f  ~r' (2.23) 
f *  and f **  being, respectively, the complex viscosity and the normal stress co-efficients defined 
by 
j ,o~ r (z )  f *  = - -  dr (2.24) 0 1 + iogv 
and 
~0 ~3 
f ** = F(r)  
(1 + iogr)(l + 2i09Q dr. (2.25) 
It follows from the equations (2.4) and (2.5) that the order of magnitude of the non-linear terms 
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is I(v/C)l or I(u/R*o~)l in comparison to the linear terms. Thus, ignoring the non-linear terms and 
making use of the equations (2.20)-(2.23), the equations of motion can be re-written in the form 
= - -2 f  ro t  (2.26) P~-t ~r +2f*~, ~r2+ r~r 7~- • L \Or ]  J 
and 
0v Op .,{a2v I Ov'~ 
az 
: _ _  (2.27) 
The remaining part of the analysis has been carried out by taking the following specific forms of 
F(x )  and f ** into consideration. 
F(z  ) = f c la2 6(z ) + f ~ It, - l*2 6(z - #1) 
#1 IA 
(2.28) 
f ** = #1 -- #2 
(1 + it0#1 )(1 + 2ic0#1)' (2.29) 
in which #1 is the relaxation time, f c is the viscosity (assumed constant) and #2 is the retardation 
time. If the shear-rate be small or if #~ and #2 are considerably small or if #1 ~ ~,  f ** is very small, 
so that the non-linear terms in equation (2.26) can be disregarded. 
Now by using the equations (2.7)-(2.9) the solutions of the equations (2.26) and (2.27) may be 
written as 
u =[~ Al J l (%i3 /2y)+~]exp{ i to ( t - z /C)}  (2.30) 
+ Bll exp{ito(t -- z/C)} v= AiJo(%i3/2y) pC J  (2.31) 
(2.32) p = Bi Jo(f loy)exp{io(t - z/c)} ~ 8, exp{ito(t - z/C)},  
Ai and Bi being two arbitrary constants of integration, and %, t0 two dimensionless parameters 
defined by 
po~R * 2 io~R* 
~= f*  ' fl°= C 
Jo(~i 3/2) and Jl(oto i3/2) denote respectively the zeroth and first order Bessel functions of the first 
kind. 
In this case, we shall account for the experimentally established viscoelastic behaviour of the wall 
tissues along with their non-linearities and orthotropicity. In order to do so, we shall employ the 
following equations governing the wall motion derived by Misra et al. [4] by employing the 
principle of superimposition of a small additional deformation on a known state of finite 
deformation of the blood vessel. 
22h0~b0a2~ ~h0 h022 at/ hopoa2~ 
2,22 cOz = ~--~(floo-2~bo)-~--~j(/~o= ~bO)~z +X=~-~,  (2.33) 
az 22~ t= + R022 ~ + (fl~-@o) + Y= (2.34) 
-  ,RoJ J 2 '  
in which ~, ~/are the physical components ofthe superimposed displacement i  the radial and axial 
directions, respectively. Ro, h0 denote the mean surface radius and wall thickness of the segment 
of blood vessel, 21, 22 are the axial and the circumferential stretch ratios and P0 is the volume 
density of the wall tissues. The specific expressions for ~o, ~ko, fl~,13~z, ~,~ and fl~ are included in 
Appendix 3. Blood flowing through the vessel exerts forces clue to its pressure and friction on the 
endothelial layer of the vessel. The radial and longitudinal components of these forces may be 
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written as 
p Ou) (2.35) X= -2 f*~ ~=~. 
r=- f  ~r ~=~." (2.36) 
Taking the displacement components of the wall tissues to be of the form given by the last two 
equations of equation (1.14), using equations (2.33) and (2.34) and employing the boundary and 
regularity conditions (1.6)--(1.9), we obtain the following equations: 
A]~[ Jo (o to i3 /2 ) -  J2( otoi3/2)] + B1(1 °~fl°R* ~ ] 
(2~ko C°2 2~bo floo Po°92~ iOgqo ho22 
- ~oho ~ g--~o + R--~o ~ ] + - -~  (flo~ - ~o) ~ = 0; (2.37) 
pogR*i3/2 iO~oh o (B~ Cko q0~°2h0 (~b0 _f flzO A~ - -  J~(o~o i3/z) = 0, (2.38) 
goC c 2 \z2 ZV 
and 
.41/~0 32 B,/~0 Jl(Ct°i / ) + ~pC - i°9~° = 0 (2.39) 
A~ i~OJo(oto i3/2) + BI io9 = H. (2.40) 
pC 
These equations have been solved and A 1 , BI, G0, q0 have been determined in the form (1.30). The 
various elements of the determinants Ds have been included in Appendix 2. The velocity com- 
ponents, fluid acceleration, displacement components, wall shear stress and the volume rate of 
flow of blood, are now obtained as in Case 1. The quantities may also be expressed in amplitude 
and phase form as in the first case. 
PARAMETRIC STUDY AND DISCUSSIOIN 
In order to examine the behaviour of the solution, numerical computation is carried out for a 
human abdominal aorta by considering several values of the non-dimensional frequency parameter 
~0, the applied acceleration H and time t. The strain energy function W for the said aorta is 
approximated as [8]: 
where 
W = A (exp K - 1) + M(exp L - 1), 
K=B(21 22) 2+C 22 +D 21 2122 
l 2 
The experimentally determined values (cf. Kasyanov [8]) of the material constants A, B, C, D, E, 
F, G and M are shown in Table 1 for two different age groups. 
For the computational work, the following physiologically realistic values of other parameters 
involved in the analysis have been used: 
p = 1.0 x 10 3 kg m 3, P0 = 1.08 x 10 3 kg m -3, 
/a =0.004kgm-l/s, 21 = 1.36, v =3.8 × 10-6m/s, 
C=5.Sm/s,  c= l .0 .  
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Table i 
1003 
Elastic constants Dimensions 
,4 B c o E F ~ M R0 
Age 1.579 x 103 -0.638 1.358 1.274 -0.090 0.455 0.518 2.030 × I(P 0.00834 0.00153 
group :1:0.089 x 103 +0.218 +0.127 +0.089 +0.085 +0.113 +0.118 +0.610 x 104 +-0.00034 :L0.00012 
17-35 N/m 2 N/rn 2 m m 
Age !.43 × l03 -0.019 1.619 2.019 0.264 0.224 0.087 4.236 x 104 0.00796 0.00178 
group +0.034 x l03 .1_0.855 .1,0.247 .1,0.074 .1,0.280 .1,0.128 .1,0.029 -1-1.736 x 104 -1,0.00057 -1,0.00015 
36-57 N/m 2 N/m 2 m m 
For the first age group (17-35 y), we have taken 22 = 1.592 while for the second age group (36-57 y) 
22 = 1.398. 
For the computational work of Case 2, using the four function theory which according to Young 
et al. [9] is good enough for most practical applications, the following forms of the relaxation 
functions have been considered for describing the viscoelastic properties of wall tissues: 
and 
g22(t) = 28,200 + 2200 exp(-0.47t°47)N/m: 
g3(t) = 17,900 N/m 2 
K2(t) = 27,000 + 1600 exp(-  1.67t °'22) N/m: 
g33 (t) = 26,700 + 2800 exp( - 0,51 to." N/m 2. 
The computed results for both the viscoelastic and elastic cases have been presented in Figs 1-18 
and Tables 2-4. 
Figures 1-3 illustrate the variation of the axial velocity, Re{v } as well as its amplitude with the 
applied periodic acceleration at different instants of time for three different values of the frequency 
parameter, viz. ~o = 1,5 and 10. These figures indicate that the magnitude of the velocity increases 
with the increase in the magnitude of the applied acceleration. From Figs l(a), 2(a) and 3(a) it is 
observed that the magnitude of the velocity decreases with the increase in frequency. It is further 
observed from Figs 1 (a)-(c) that when ~0 = l, in the viscoelastic ase, as well as in the elastic case 
for the age group 36-57 y, the magnitude of the axial velocity increases with time, while the trend 
is opposite for the age group 17-35 y. However, as the frequency increases (e.g. ~ = 5,10), one finds 
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from Figs 2 and 3 that for the viscoelastic ase, the axial velocity increases with time but in the 
elastic case, for both the age groups, it diminishes as time progresses. 
Similar variations for the radial velocity u are shown through Figs 4--6. It may be noted that 
when ~0 = 5, 10 the radial velocity increases with time [as shown in Figs 5(a) and 6(a)] but a reverse 
trend occurs for the case where ~0 = 1 [cf. Fig. 4(a)]. Moreover, it is observed that at any particular 
instant of  time, the radial velocity is directly proportional to the magnitude of  the applied 
acceleration, for all the three values of  the frequency parameter examined here. The computational 
results further assert that when ct 0 = l, the radial velocity does not appreciably change with the 
externally applied acceleration for t < 0.3 s and that when at 0 < 5, the radial velocity increases with 
time, attains its maximum at t = 0.6 s, then decreases as time progresses further, while when 
= 10, the radial velocity attains its maximum at t = 0.4 s. One can further see that the magnitude 
of the radial velocity decreases with the increase in frequency. From Figs 4(b), 5(b) and 6(b) it 
is noted that for the age group 17-35 y, the radial velocity decreases with increase in frequency, 
if the material damping of  the wall tissues be disregarded and blood is considered to be Newtonian 
viscous. 
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In the elastic case, for the age group 36-57 y [cf. Figs 4(c), 5(c) and 6(c)], it is observed that the 
radial velocity increases with an increase in the magnitude of  the applied acceleration, but at higher 
frequencies, the trend is similar to that for the lower age group. From Figs 4(a)-(c), it is observed 
that when ~c0 = 1, in the viscoelastic case (i.e. Case 2 of  the analysis), the magnitude of  the radial 
velocity decreases with time, whereas for the elastic case, the magnitude increases with time for 
the lower age group. However, for the higher age group, the radial velocity increases in magnitude 
with time upto t = 0.4 s after which it decreases as time advances further. 
From Figs 7(a), 8(a) and 9(a) one may note that in the viscoelastic case, as the applied 
acceleration increases the fluid acceleration also increases. This observation is valid at all instants 
of  time studied here. When ~0 = 1, the fluid acceleration decreases as time progresses but when 
ct0 = 5, 10 the fluid acceleration is found to increase with time. However, for ~ = 1 the magnitude 
of  the fluid acceleration is greater than that for ct 0 = 5, 10. In the time-range under the present study, 
when ~ = 5, the fluid acceleration is found to attain its maximum at t = 0.6 s and subsequently 
it decreases at a slow rate. But when ~0 increases to 10, the maximum fluid acceleration is attained 
at t = 0.4 s after which a gradual decrease is noticed. Figure 7(b) shows further that when ~ = 1, 
fluid acceleration increases with time for the lower age group and attains negative values after the 
time t = 0.2 s. However, at higher frequency, the fluid acceleration assumes values far away from 
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the positive side [cf. Figs 8(b) and 9(b)]. For the higher age group, it is further noted from Figs 
7(c), 8(c) and 9(c) that the fluid acceleration is inversely proportional to frequency. 
Figures 10-12 illustrate variation of the real part of the shear stress as well as its amplitude with 
applied acceleration. In all these cases, the stress is found to be of a compressive nature. When 
ct0 = 1, it is found that as time progresses, the shear stress values are shifted towards the positive 
side, while at higher frequencies, the shear stresses are found to be more and more compressive 
with the passage of time. Figure 10 indicates further that the magnitude of shear stress decreases 
as time progresses for Case 2; for Case 1, the shear stress increases with time for the lower age 
group while for the higher age group, it increases upto t = 0.2 s after which it decreases gradually. 
At higher frequencies, however, the shear stress monotonically increases with time in all the cases 
(of. Figs 11 and 12). 
The time variations of the real part of the radial displacement of the vessel wall as well as its 
amplitude are illustrated through Figs 13-15 for different values of the frequency parameter s0. 
It may be observed from these figures that the wall displacement decreases with the increase in 
frequency in all the cases studied here. 
Figures 16-18 represent the variations of the real part of the volume flow rate and also its 
amplitude. It is noted that in the viscoelastic ase as well as in the elastic case for both the age 
groups, the volume flow rate increases with time but decreases with the increase in frequency. 
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Tables 2-4 give the values of the phase angles @~, ~'2, @3, ~4, ~5 and ~/6 at  different instants 
of time and for different values of the frequency parameter ao. It may be noted that the material 
damping of the wall tissues as well as the viscoelasticity of blood affects the variations both with 
respect to time and with respect to frequency, of all the phase angles to a significant extent 
qualitatively as well as quantitatively. 
160 
120 
IO  
40 
-40  
-SO 
-120  
-160 
® / 
I 
i i  
I 
I 
I 
/ 
@/ 
4. o/  
/¢ 
¢ 
/ 
/ 
/ /  
i 
J ¢ 
~ t .  0.001 
\ \ \ \ .o.1 
~N\ t • 0.2 
~\  t • 0.3 
'~ t : O.I. 
t~0.5 
I I I 
25 40 55 710 /5  100 
Him/see  2 ) 
i 
'® 
3 
2 
/ 
/ 
/ 
/ 
/ 
/ 
/ 
/ / 
1 / / / / / 
~ t =0.001 
t.O.1 
t=0"2 
\ \ \ ,  t. 03 
\ \ ' , .  t • 0.4 
N~ t = 0.5 
- - t  = 0,6 
:0 '0  
I J 
215 .~)0 $15 70 05100 
H Im/se(  2 ) 
1 
E 
z 
© 
/ 
i 
i 
I 
i 
i 
i 
i 
I 
i 
i 
i 
I 
~ t :0.001 t=0.1 
t=0.2 
t~0"3 
t s O.i, 
tzO.5 
t:O'6 
21$ ~0 5'5 710 85 I'00 
H ( m/see 2 ) 
Fig. 12. Real part and amplitude of shear stress at the wall of the blood vessel versus applied acceleration 
at different instants of time (a0 = 10). 
Flow through blood vessels under the action of a periodic acceleration field 1009 
0.0+ ® 
0.00  
0 '00  
O.Ot, 
0.02 
-0 .02 
- 0.0/. 
-0.06 
/ / 
/ 
/ 
/ 
/ 
/ 
/ 
0+o+~ ' 
I 
/ //// j t= 0"0 
11 J / ' . 0 ' ?  
~ t ,  0.6 
~ t • 0.5 t ,O.6 t,0.3 t=0-2 
;:°o:'°, 
t = 0.001 
I I I 5 710 I I 
25 40 $ 05 100 
H lm/$t¢  2 ) 
0'04 
0"0! 
0"01 
0041 
0.02 
0 
0,02 
0'04 
,0"00 
® 
/ 
/ 
/ 
/ 
/ 
/ 
/ 
/ 
.q/ 
/ 
/ 
/ 
/ / /  ~ t.O,O 
/ ~  t • 0.? 
~ t ,  0.6 t ,O .5  t l 0./. 
t,0'3 
, , o2  
\ \ - ,  t • o .1  
I I I 710 1 I 
25 40 55 85 100 
H Ira/sic 2 ) 
D'00 IQ  
D'08 / 
/ 
/ 
. / 
1'06 / /  
/ /  t = 0.8 
, .o, ' . °+ 
1'02 / / /  t ,05  
0 ~ t: 0't' 
~ t • 0.3 
0.0 2 ~ ~ t  , 0, 2 
0"0~. - 01 
O" 00 I I I 710 ~ l 
25 40 55 5 100 
H (m/seC 2 ) 
Fig. 13. Variation of real part and amplitude of radial displacement of vessel wall with applied acceleration 
at various instants of time (~o = 1). 
CONCLUDING REMARKS 
Of concern in the present paper is an analytical study of flow through blood vessels ubjected 
to a periodic acceleration field. The main emphasis of the study has been to examine the influence 
of the material damping of the wall tissues and the viscoelasticity of blood on the velocity profile 
and other flow characteristics of blood as well as on the deformation and stresses induced in the 
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Table 2. Values of the phase angles at different instants of time (% = I) 
(a) 
0.001 -0.2315 1.3414 -0.2294 -0.1817 0,7686 1,3892 
0.01 -0.2185 1.3543 -0.2164 -0.1687 0.7816 1.4022 
0.1 -0.0886 1.4843 -0.0865 -0.0387 0.9116 1.5321 
0.2 0.0559 --1.5129 0.0579 0.1057 1.0559 -1.4651 
0.3 0.2002 - 1.3685 0.2023 0.2501 1.2004 - 1.3207 
0.4 0.3447 -1.2241 0.3468 0.3945 1.3448 -1.1763 
0.5 0.4890 -1.0797 0.4911 0.5389 1.4892 -1.1032 
0.6 0.6334 -0.9353 0.6355 0.6833 - 1.5080 -0.8875 
0.7 0.7779 -0.7909 0.7799 0.8277 - 1.3636 -0.7431 
0.8 0.9222 -0.6465 0.9243 0.9721 - 1.2192 -0.5987 
(b) 
0.001 1.3050 -0.2419 1.3289 -0.9593 0.6114 0.6113 
0.01 1.3180 -0.2289 1.3419 -0.9464 0.6244 0.6243 
0.1 1.4480 -0.0989 1.4719 -0.8164 0.7544 0.7543 
0.2 - 1.5493 0.0455 - 1.5253 -0.6720 0.8988 0.8987 
0.3 -1.4049 0.1899 - 1.3809 -0.5276 1.0432 1.0431 
0.4 - 1.2605 0.3343 - 1.2365 -0.3832 1.1876 1.1875 
0.5 - 1.1161 0.4787 - 1.0921 -0.2388 1.3320 1.3319 
0.6 -0.9717 0.6231 -0.9478 -0.0944 1.4764 1.4763 
0.7 -0.8273 0.7675 -0.8033 0.0500 - I .5208 -1.5209 
0.8 -0.6829 0.9119 -0.6589 0.1944 - 1.3764 - 1.3765 
(c) 
0.001 -0.8347 0.7502 -0.8206 -0.4821 1.0887 1.0887 
0.01 -0.8216 0.7632 -0.8076 -0.4691 1.1017 1.1017 
0.1 -0.6917 0.8932 -0.6776 -0.3391 1.2317 1.2317 
0.2 -0.5473 1.0376 -0.5332 -0.1947 1.3761 1.3761 
0.3 -0.4029 1.1820 -0.3888 -0.0503 1.5205 1.5205 
0.4 -0.2585 1.3264 -0.2444 0.0941 - 1.4767 - 1.4767 
0.5 -0.1141 1.4708 -0.1000 0.2385 - 1.3323 - 1.3323 
0.6 0.0303 - 1.5264 0.0444 0.3829 - 1.1879 1.1879 
0.7 0.1747 - 1.3820 0.1888 0.5273 - 1.0435 - 1.0435 
0.8 0.3191 - 1.2376 0.3332 0.6717 0.8991 -0.8991 
(a) Viscoelastic ase; (b) elastic case for the age group 17-35 y; (c) elastic case 
for the age group 36-57 y. 
Table 3. Values of the phase angles at different instances of time (~0 = 5) 
(a) 
0.0Ol -o.8801 o.6701 -0.9008 -0.5973 0.3529 0.9736 
0.01 -0.8671 0.6831 -0.8878 -0.5843 0.3660 0.9865 
0.1 -0.7372 0.8130 -0.7578 -0.4543 0.4959 1.1165 
0.2 -0.5928 0.9574 -0.6134 -0.3099 0.6403 1.2609 
0.3 -0.4484 1.1087 -0.4690 -0.1655 0.7847 1.4053 
0.4 -0.3040 1.2462 -0.3246 -0.0211 o.9291 1.5497 
0.5 -0.1596 1.3906 -0.1802 0.1233 1.0735 - 1.4475 
0.6 -0.0152 1.5350 -0.0358 0.2677 1.2179 - 1.3031 
0.7 0.1293 - 1.4622 0.1086 0.4121 1.3623 - 1.1587 
0.8 0.2737 - 1.3178 0.2530 0.5565 1.5067 - 1.0143 
(b) 
0.001 -0.8468 0.7628 -0.8080 - 1.1153 0.4555 0.4555 
0.01 -0.8338 0.7758 -0.7950 - 1.1023 0.4685 0.4685 
0.1 -0.7038 0.9058 -0.6650 -0.9723 0.5985 0.5985 
0.2 -0.5594 1.0502 -0.5206 -0.8279 0.7429 0.7429 
0.3 -0.4150 1.1946 -0.3762 -0.6835 0.8873 0.8873 
0.4 -0.2706 1.3390 -0.2318 -0.5391 1.0317 1.0317 
0.5 -0.1262 1.4834 -0.0874 -0.3947 1.1761 1.1761 
0.6 0.0182 - 1.5138 0.0570 -0.2503 1.3205 1.3205 
0.7 0.1626 - 1.3694 0.2014 -0.1059 1.4649 1.464.9 
0.8 0.3070 - 1.2250 0.3458 0.0385 - 1.5323 - 1.5323 
(c) 
0.001 -0.7026 0.9169 -0.6539 -1.0305 0.5402 0.5403 
0.01 -0.6896 0.9299 -0.6409 - 1.0176 0.5533 0.5533 
0.1 -0.5596 1.0599 -0.5109 -0.8876 0.6832 0.6832 
0.2 -0.4152 1.2043 -0.3665 -0.7432 0.8276 0.8276 
0.3 -0.2708 1.3487 -0.2221 -0.5988 0.9720 0.9720 
0.4 -0.1264 1.4931 -0.0777 -0.454.4 1.1164 1.1164 
0.5 0.0180 - 1.5041 0.0667 -0.3100 1.2608 1.2608 
0.6 0.1624 - 1.3597 0.2111 -0.1656 1.4052 1.4052 
0.7 0.3068 - 1.2153 0.3555 -0.0212 1.5496 1.5496 
0.8 0.4512 --1.0709 0.4999 0.1232 - 1.4476 - 1.4476 
(a) Viscoelastic ase; (b) elastic case for the age group 17 35 y; (c) elastic case 
for the age group 36-57 y. 
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Table 4. Values of the phase angles at different instants of time (ao = 10) 
(a) 
0.001 -0.7060 0.8744 -0.6964 -0.7251 0.2251 0.8457 
0.01 -0.6930 0.8874 -0.6834 -0.7121 0 .2381 0.8586 
0.1 -0.5631 1.0174 -0.5534 -0.5822 0 .3681 0.9886 
0.2 -0.4187 1.1618 -0.4090 -0.4378 0 .5125 1.1330 
0.3 -0.2743 1.3062 -0.2646 -0.2934 0 .6569 1.2774 
0.4 -0.1299 1.4506 -0.1202 -0.1490 0.8013 1.42t8 
0.5 0.0145 - 1.5466 0.0242 -0.0046 0 .9457 1.5662 
0.6 0.1589 -1.4022 0 .1686 0.1398 1.0901 -I.4310 
0.7 0.3033 -1.2578 0 .3130 0.2842 1.2345 -1.2866 
0.8 0.4477 - 1. I 134 0 .4574 0 .4286 1.3789 - 1.1422 
(b) 
0.001 - 1.0416 0.5143 - 1.0565 -- 1.0103 0 .5605 0.5605 
0.01 - 1.0286 0.5273 - 1.0035 --0.9973 0 .5735 0.5735 
0.1 -0.8986 0.6573 -0.9135 -0.8673 0 .7035 0.7035 
0.2 -0.7542 0.8017 -0.7691 -0.7229 0 .8479 0.8479 
0.3 -0.6098 0.9461 -0.6247 -0.5785 0 .9923 0.9923 
0.4 - 0.4654 1.0905 - 0.4803 - 0.4341 1.1367 I. 1367 
0.5 --0.3210 1.2349 --0.3359 -0.2897 1.2811 1.2811 
0.6 -0.1766 1.3793 --0.1915 --0.1453 1.4255 1.4255 
0.7 -0.0322 1.5237 -0.0471 -0.0009 1.5690 1.5690 
0.8 0.1122 - 1.4735 0 .0973 0.1435 - 1.4273 - 1.4273 
(c) 
0.001 - 1.0157 0.5353 - 1.0355 -0.9734 0 .5974 0.5974 
0.01 - 1.0027 0.5483 - 1.0225 -0.9604 0 .6104 0.6100 
0.1 -0.8727 0.6782 -0.8926 -0.8305 0 .7403 0.7403 
0.2 --0.7283 0.8226 -0.7482 -0.6861 0 .8847 0.8847 
0.3 --0.5839 0.9670 --0.6038 --~0.5417 1.0291 1.0291 
0.4 -0.4395 1.1114 -0.4594 --0.3973 1.1735 1.1735 
0.5 --0.2951 1.2558 --0.3150 --0.2529 1 .3179 1.3179 
0.6 --0.1507 1.4002 --0.1706 --0.1085 1.4623 1.4623 
0.7 --0.0063 1.5446 -0.0262 0.0359 -- 1.5349 - 1.5349 
0.8 0.1381 - 1.4526 0 .1182 0.1803 -1.3905 -1.3905 
(a) Viscoelastic ase; (b) elastic case for the age group 17-35 y; (c) elastic case 
for the age group 36-57 y. 
walls of blood vessels when they are under the action of an external accelerating force. The analysis 
and the computed results assert that the aforesaid mechanical properties bear a strong potential 
to appreciably influence the flow and deformation of blood vessels. A further investigation on the 
effect of age group indicates that while the nature of variation is not significantly altered due to 
ageing, the flow and deformation fields considerably change with age in terms of magnitude. These 
observations, it is believed, will be immensely useful in quantifying the effects of body acceleration 
on cardiogenic shock in a human body and in properly designing appropriate protective devices. 
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APPENDIX '  1 
The components of the Green strain tensor are: 
1 2 I 2 ~(R2-- 1). (A.1) e.  =~(~l -  1), e22 = 
As the material is assumed to be n6n-linear elastic and the deformation to be axisymmetric, the mechanical behaviour may 
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be determined by the strain energy function W(eu, e22 ) per unit of  undeformed volume. Then the physical components of 
stress resultants per unit of length in the deformed state are 
=h ,owl 
n,, °220enl,;  (A.2) 
where the subscript B denote that strains from the above, equation (A.I) are to be substituted in the derivatives of W. The 
vessel membrane undergoes an additional deformation. In the new deformed state, B* (say), the components of the strain 
tensor are 
I 2 I 2 2 ~(22/~ - 1), e~'l =el l  =~('~1- 1), e~2= (A.3) 
where/z is the parameter characterizing the deformation from B to B*. The stress resultant in the circumferential direction 
consists of two parts: the passive tension and the active muscular tension n *. So 
n*l=ho 21 OW B. . * - t .  22~0W +n, (A.4) 
22~0e, ~ ; "22 "0 2, 0e22 IB- 
where the subscript B* denotes that the expression (A.3) must be inserted in the derivative of W. Now n* takes the form 
,*=h 2"pwI -°wi 1 
o ~., Lae.,~ I. 0e22 I~.J  (A.s) 
The expressions for the physical components of the increments of the stress resultants in terms of the increments of strains 
with respect o the cylindrical co-ordinate system are 
n'2~ = ho(Cuezz + Cueoo), n~ = (C21e = + Cz2eoo), 
where 
Ou W 
e~ = Oz' e°° = 221aR o 
and 
and 
c. 'de2t I~'+ae,~ " 
).2 r 02W 1 0W s*] 
c,2=, 2~,L~ , .  22#20e11 
C21-C12+n22 nn- -n  . 
APPENDIX  2 
In equation (1.30), 
where Dr, D 2, 0 3 and D 4 are as follows: 
el 2 el3 
O I = e22 e23 
e32 e33 
e42 e43 
D = e21 el4 
ell el2 el3 
e22 e23 e24 , 
e31 e32 e33 0 
0 e41 e42 0 
el4 e n 0 et3 el4 ] 
~:: D2 = ez, 0 e23 e24[ 
~itl 0 e33 ~: 
e,~ H e43 :i:e20e' e e2e3 i 
D3 = ezt e22 0 e24 and D 4 = e2~ e22 e23 
e32 0 ~:  e3t e32 e33 ' 
e41 e42 H 841 e42 843 
the different elements of the determinants for Case 1 are given by 
e l i=-2#,o[ Jo (~o i3 /2 ) -~ J , (%i3 /2 ) ] ,  
2v 2 
el2 = ~ (*to + i/~o2)[PoJo(//o) + J, (/~o)] + Jo(flo), 
hoPotO 2 (o2 (hoC22 -n*2) 
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In Case 2, 
io~C2, ho 
el4 ~CA, P.o' 
e2, = l~( ~ "4" .is/2~t (~oi3'2), 
,-,<#o) + #o], e22= pC L c~ 
ito 
e23 = ~ (h o CI2 - n *l - n "5), 
t~z2~ro 
~2hopo ho 2 
e~ 21 )-2~ ~-5 CH to , 
e31 = ~ Ji (=0:/2), 
Or2 ..L iR2 
e32 = ~ Jl (~o), 
e3~ = -- ira, 
e~ = O, 
e4~ = imJo(%i3n), 
iw 
~4~ = ~ Jo~o), 
e43 = O, 
e44 = O, 
e l l=-2R*~c° /3° IYo(~o i3 /2) -~ i3 /2 J l (%i3 /2) l ,  
~R*~o 
e,~ = 1 ~2oC , 
.F ~2 [~¢o po)+~(/]oo-2~o)], 
ioJho 2 2 
e .  = ~ ~o~ -- ~o), 
R*topi 3t2 
e2, - -  Jl(%i3/2) 
% 
e22 = O, 
t.o2ho F pO C2-] 
flo JI (% i 3/2 )
ez~ otoi3/2 
~o 
e32 ~ 2~'  
e33 = - ico, 
e34 = O, 
e41 = imJo(%i3/2), 
i~o 
e42 ~ pC '  
e43 = O, 
e44 = O. 
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APPENDIX  3 
Explicit expressions of some symbols used in equations (2.33) and (2.34) [Case 2]. 
~o = (1 + 2ao)taoK2(oo) + boK~(oo)], 
¢o = (1 + 2bo)[aoK~(oo ) + boX](oo)], 
~b.~ = (1 + 2ao)K2(0), 
eb~ = (1 + 2ao)K](0), 
_ , [  foo ~dK22(s) e_~ds]  ' 
4, .  = (1 + eao , / I  ° 
A 
Cb, = 0, 
~h~: = (1 + 2bo)K](0 ), 
_ . .  l-/ '~ d~-dK~(s) e_,,os ds] ,  
= ( l  + ° 
~0.~ = (1 + 2bo)K](0), 
_..rr~dK~(s) _ ] ,.=(1 +2Oo)[_jo ~ e  "~ds.j, 
where a o, b o are constant finite strains and Ks are the relaxation functions. 
